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«(7) Aalaadl 8 (9) Usladdl gty
N,=a,+bx (7)
N =n-+
v ) (10



((10) Aslaall Jualing

N _

v, _, ()

dx *

Ly OSa dobad Ao CYalas desana (e (ST ATl yualiall @Y alae
:‘?_*&15 digaias dalee dia e

(el [ (12)
s [u] 5 ¢(element stiffness matrix) aiall 5))< ddgina <> [K] @
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(Solution of Stress Analysis Problems Using Finite

Elements Method)
bl Clsha Geed d dall Clsha el oS
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(Definition of the finite element mesh )
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(Selection of the displacement model) :4ay) zigal JLid) 2.2
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VS yeanal) 8 Aspaall Jla) Al LS (Ko
Ut =[{Es’av
= [Hel[Ellelav (10)
«(10) 5 (7) obalaall e
v = [4lB] e MEBYa fav
o=t (st Elslv e} (1)
(e duans (WS clialy ddgiad) Gy Juala iy
U=tV e o (12)
[k} = [[B] [E]Blav (13)
daghaa 4 (element stiffness matrix) saml) )< dsiins = [K]® Cun

((2%2) sl dbilae

SN Qi) 8l U =3 ¢ (14)
uf
el )= f |- (15)
l
(sl Ly
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k] o -
[k][ o ] (16)
[k]

((12) sbaally (15) Asbaal) g0 VIS LS Koy (14) Aolasd)

v =iy [kl (17)

Altise e sl a{u}® yalic (Vs
: Lo & ¢
@ & @
etc.

(S g€ Ko 4o

R w

wl lierle

S @=Ll (19)
‘(17) Aaladl @ U'A_Jy_’dt,:

U =4[] [E[clu) (20)

S U=t (21)

e ck=[c][EJc]

i lele Jsanl) (S daahaall JlaaS Jleis¥) 8 Y1
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Q=—(-pu,)-pu,, (22)

t VS LS (e Lagae
a-—{ufx] (23)

(External applied forces) Lajla SR ol = X s

Abeeall JleaSU Jlait¥) Gl + pemiall Jlai) 43l = 2SN Jlainy) 43l
V= T} =} 3] (24)

cade OV =0 (ol

&
bt
=

=~
—

<
i
=
N~
S—
I
o

(25)
(kb =} (26)
el il il uglladll (V) Alslaa o oda
1(2) Jba 2.7
cdas eolial (2.7) U<l 6 LS L (g5m Jan dnle Lalias Caghos Carad yoaial
W) AL axs yeaiall SIS dsian O

k=2

L|-1 1
g pall 31y plea = E s
il i jal) goial) daluse =A
 yeiall Jgha = L

caadll algally Jlaidy) Jacigia creal ¢ Lead
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2AO

(2.7) Jsa

tdadl

(o AalY) s G L)



{—]z O}H g

¢(1) dalaall < (2) Wsled) e s

«oa O (a
{o={EH ¢}
t YIS laglac] (Sa paiall b dsaall Jlaisy) @3l (oY)

L
Ut =[ LE&’av
0

= [ 4} [ENehav (5)
< (5) 5 (4) oalalad) e
U =[BT ) [E]BYu} av
o=t} (Bl EBlv ) (6)
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k= SEA{ ! ’1} (10)

4L |-1 1
r:é u:; r:c; i
L] sy Uy
[65] @y
. EA[1 -1
If = L {—1 1}
zzl[%A(ﬂLZAoj:aAo
e TEA[1 =1
iy =T [_1 1} (11)
it} =[Clu

u) 1 0 o™
u; _0 1 0
2o 1 ol (12)
W [0 01
Uy
s Hil=[clu}
(11) 5 (10) oalstadl e
5 -5 0 0
[E]—%_S 5 0 0
T4Ll0 0 7 -7
o 0 -7 7



1 YIS laglae) (Ko 4l Cucaill S ddghinn (S

[k]=[cT[FJc]

5 -5 0 071 00
]OOOE 5 5 0 00 1 0
{011 0|

4.0 0 7 -7|/0 1 0
000 1

0 0 -7 7]0 0 1]

100 i}

N L B PR B

=25 5 7 -7|= =—%0_5 12 -7

4L 0 1 0] 4L
o 0 -7 7 0o -7 7

00 1 :
EAs-so
=05 12 -7 (13)
4L
0o -7 7

Xl
Xz} (14)
X

6(14) Aalaall ‘f E\:M}.\;.“ L})JJ‘ "QJ.ILJ.I_. ".

Xi=Xi, X2=0, X3=X3

Su, = Su, X,
EA, =Su, +12uy, —=Tuy =4 0
—Tu, +Tu, X,
5EA
4L0(”1_”z):X1 (15)
EA, )=
4L( 5u, +12u, —Tuy)=0 (16)
TEA L
1L (—uy +uy)= X, (17)
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=5u, +12u, —=Tuy; =0

—Tuy =5u, —12u,
. 12u, —5u, 12 5
Uy =—————=—u, ——uy,
7 7 7

(17) dbalaall 8 u3 dadd e pasanly

TEA
g 7u,+2u27§u, =X,
4L 7 7 ’

TEA(S, 5.\ x
4L \7 7 ’

5 TEA
_7X 4L0 (1, —u)= X,

_ziAO (“1 _”2)

X

X ==Xy el A plalaaiey lakall G luslaie (b8

1lalgaly ciV ey alasy

(1) aiall el
. . 1 1|ju u, u U, —u
1) yaiall Ly gl =| o= Pl M T
(1) o ¢ [L LHMZ} L L L
—5EA,
X1: 4L O(uz_ul)
.“27’4|:4X1
"L 5EA,
g(.>:_4X1 _ 4X,
SEA, SEA,

. —4X 4X, 4X
1) saiedl & olaY o' =E¢'=E e R
() = 6o ¢ XSEAU 5A, 5A,
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Xi=-Xs
8(2):”3 U,
L
Cus—u, 4X,
"L TEA,
o _ 4X, _-4X,
7TEA, TEA,
oW =Es® =Ex X, = X, =7_4X1
TEA, 74, A,
A CeV4e® [ 4x,  4x, ] 1[28X,+20X,
e 2 2| 5EA, TEA,| 2| 35EA,
24X,
35EA,
_ _uX
average average 35 Ao
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GUY Juadl)
BlAl) JUL) & Balaall jualial) diyh (Gada

(Application of Finite Element Method in Heat

Transfer)
(Apsio\l)) Aldional) cillas3l Jaea gill daled) Alslaal) 3.1
(General Conduction Equation of Cartesian Co-ordinates )
L300 Bylya a2l aladd ED 5D Ciaian asend dalall Alaladd) Bl (e
ol sl Bl s 4 5y Ll il (@) il s Ak

.bt\j (31) dS&.\S c;)l

‘_____‘_,—-'3"@2'
\\\“__k@‘;:
(3.1) Js&
(Fourier's Law of conduction ) tdaagill 58 OsilE (e

Gl e Gailatie Cranan Gaee DA Bhall Gl Jina 1 e o5l Jsi
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Bhall daps 3 5l aay gl ola) pa 2aleiall plaial) dalise pe Lyl
. ey dt .
X

dt
a—A—
Q dx

x olad) b byl ¢ Q:—kA%
= - X

Qdx=—kAdt

Ide = —T kadt

0 "

Ox= _kA(tz _ll)

:;kA(zz —t1)=*(tl _tz)

0

=—k(dx dy)@
0z

x olad] b Bhall o b sl

00 ot
0. =Lax=kLixayd
2.0 Ox * ox? raya
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2,y olad¥ doally ; Al el

00 o0t

0',-0,=—dy=—k—5dxdydz
) ) 6y a 2
20 o’
'"-Q.="Fdz=—k—dxdyd
0'.-0, 0. & P x dy dz
(rate of heat generation) Bylal)l g Jiaa

0, =q,(dx dy dz)
coas 8any S hall alg Jiea g8 g, Cus
: yuainll 48l 50L) JAee
Lol yall yuxs JAee X dpegill Blyall x ALY =y aiell 48U 505 Jies
ol

jaiall 48l 8aly) Jiea = !dx dy dz)C sl

T

2Ll Alalaalls o puaiall 28Ul 433050

Bl Olpw B wall — hall Al Jiae = uaiall 28l 5215 Jiaa
. : , or

q,(dx dy dz)-[(@',-0,)+(2,-0,)+(0".-0.)|= tC(dx dy dz)——

2

2 2 2
g, (dxdy d2)—| ~k L avdy dz—k L axdy di-k Sl ax ay az
¢ ox Oy 0z

=(C(dx dy dz)ﬁ
or

(e danidx dy dz % Aalad) 8)ka daciy
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2 2 2
A I
¢ Ox oy 0z"

K % lslaall ik dacdy

ot 9t 90t q, (Cot

6)cz+6y2 oz k  k or
(thermal diffusivity) (fal) ,L5y)) % o o

pC aphall dadls k dyhall duliasall o dueill (8 dpall &)lins)

U 8 5aapC dad ol 5uSk dad G L) a 13¢8 80S 0 dadl cilS 1Y)
Bhall paliaial (oS Al Alall 85 aya @ JUml elllia 05< AsY)
e acal) daulg

2 2 2
o't 6t+6t+qg_16t s )ﬂcm‘@muam

+ 3
ox* oy' 077 k- aodr

2 2 2
ot ot OF 45 _ 18 yiien daal)l LG Aalas

o oye  k

(Adadll) Aighany) CLdIAaN Jrasill dalad) Alaleal) 3.2

(General Conduction Equation for Polar Co-ordinates)

G r b Ciai ff v dr aSen s suaie PUA Bhall gl el
Kosalall el Lbeagall Jual ot g8 el da

: VIS FLLD A3)lge Alslee S (o (gypnall olai) b ok 52n ]
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¢ yciall 38U 433) 5 Alalee

oQ

q, 2mrdr——dr= pc.271'rdrﬂ
¢ r or

0 ot ot
2mrdr——| —k2mr— |dr = pc27mr dr—
s " ar[ 0rj T r@r

2ndr + alaall Ayl dacdy

r+£[kr@j— ‘rg
L5 \Mar )T A

q,r+ kra—%+kg = rﬁ
s or’ or pe or

kr + alaally Javal) dosiy

L0 1o 4, 1o

Yot ror k adr
Jilaall cre SN 8 50 daaal I3 e s PR Bhal) daps s Ly
e 83580 Bpaly Bl Bl Sl (8 e (3ias ashaall 038 - Asustig]
«(Turbines) <Lin,sill «(Boilers) LBl pieal 8 82 sa g . asenl
Casting and ) cally aSload) Cullsis ((Jet  Engines) dslall <iyy)

-(moulding dies
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Ll 5 5ylyal) JUl Jiaeg 48N 43315 Byhall JEY Laslu) Y aledl)

: %,,J:\ Lond
E)+E°=E° +E., (1)
(Adalal) dslall) daglaial) ) B8N by = B Cum
skl b salgial) 48l = E)
(Fsolad) alall) deshial) z)ld &8l e = B
Ada &) g el = B
(Rate Equations) :3)al) W) Jiee ¥ alea 3.3

:A8Ual Gl Jina Gl CiY aleal) 532

g= —kA% (2)  (conduction) Jdxasill (i)
q=hA(T-T,) (3) (convection) Jasll (ii)
g=ceAlr*-1?) (4)  (radiation) gleay! (iii)

E! «acmall punll b salsidll 23l (iv)

L
E; = pcv o (6)

(Energy balance equation) : 48ual) 4ij|ga dslaa 3.4

(2 Akl 43350 dlalza
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) B Al A8l = dt ) B salgall Aalal) + dE e G Alal) dall

dt (o) b Adalall dlkall b el + dt

¢ e deand Lgiag
T o 0T q, 10T
62+az+67+q—‘:—6— (7)
Ox Oy oz- k aodr
ko .
a=—
pc

(S A s e el A0 Dbl Aliles

(Galerkin Approach) :(Sulls 44k 3.5
4l phally Wias oSa oSulls shal alasinly sadad) jualial) disla
ke el (e s2e ARG B sosad] yealiall (e sad aghid azé (i)
P
Mas peaie JS AT ghall daps (& coglial) (e aulia JSa Gagdl (i)
(Y T (xy.20) o ey
T*(x,y.z.1)=[Nx y )T

S dnag iy yealiall daglaid 5yl anall G Sl Ayl

o, ere\ af, or<\ of, er) ., _or|
w{@c(k*a}c}ay(k”ay}&(haz}q pe——fdv=0 (1)
F VIS Ll (K
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ks Jre + ks e+ ks bre = pe =0

[k 1= [ [T (81 [PTB}
[k:]= [ VT N Ris
k=[] pelvT IV

Pe == ps s

pi = [[falvY av

ps =[[alNT av

s =|[[ T[N ds

Ni(x) N, (x)
[N]=| M) V()
Nl(z) Nz(z)
ON, ON,
[B]— ON, ON,
dy 0Oy
ON, ON,
oz oz

(One dimensional heat transfer) : ) gahi shadl Jua

38

Y dlalal) dalad)



d°T
k="5+4=0 (12)
: Ja 3.6

(straight uniform fin) :alaie adive Ciic)

140 &*

2 O —R=lem
7
“7_ L=5cm ‘

h=5w/cm’k

k=70w/cmk

sdall cighd
Balsa yualic Bae ) cuadll 228 (i)

(idealize the rod into several finite elements)

140¢”
/]

4 0

1 2

© paic (gl B Bl A Cuglis (i) (if)
T*(x)=a, +a,x (1)
P YIS Lkl Byl da s AV Legliiai (S ap 5 a1 waliall

a, =q,, and a, = "% (2)

e
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X X |4
-2 =fo ()
(Derivation of elements matrices) :Clisiadl yalic Glad) (iii)

(Sl aal) dualal Ald) 038 Ny

iyl idasdl  [D] = [K]

w2 2]
1+ H
1= 1T 8] (D1 8kiv

Ak{ 11 —11}
A e

[ks]= [[ VT [Vl

i e

p=2nR ¢l s p Cus

h\xh‘k
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hpj~ (LZ—ZLx+x2) (Lx—xz)
=72 x
L20 (Lx—xz) ¥2
,  2Lx* X Lx® X t
X +- _
hp 2 3 2 3
:F x> X 3
(Z_SJ 3
0
L’7L3+L; r_r
hp 3 2 3
C(p r
2 3 3
r r
_hpl3 6
Sl o
6 3
woor
_hr| 6 6 | hpL[2 1
i\ 2| 62 |12
6 6

([KS]=0 cByiise Alla in il
P =pi=pitps (6)

pi =[[[dNT av (7)
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4

1 X L—x
Lt L : L—x
pi=aa ] Fla=ga ] bola=] dx
x=0 X =0 ~r LFO X
L L
LX_LZ Z_Ii E
pe=dt 2(_4A 2(_4A]2
1 L %2 L7 L [i
2 2 2
_GAL |1| AL |1 (8)
2L |1 2 |1
L
ps = [ [alNT ds %)
0
X
1-=
f L
=Iq p dx
=0 X
L
| X L—x
L - L L
L L L—X
:qu. dx:qu- dxzqu{
| X o X Eol
L L
¥ . L
ap 2(_ar 2| _ap L1
L] L2 L 2|1
2 2
. oe_gqpL 1 10
et (10)



= JhTm LY pax
=0 ~
L
X L—x
L 1-—
:hTpr Mlav=nt,p{ T lax
o X kS
L L
5 L
X
:hTwp-L[ L-x dy="1eP &_7
L 2 x L x?
2 o
Lz
_hT,p| 2| hT,pr? (1] AT, pL|[1 (11)
L |x* L 1 2 :
2
(12)
~ & Ak| 1 —1) mpr|2 1
o Ak ot 13
[k] ;(Le {_1 l:l 6 L ZD ( )
(ATk+2hé7Lj [_karzh:L]
- 14
“](1%+%m Ak 2t "
L 6 L 6
E
(15)

&1y 1

q=0=q Al s 3
E=1 ki “‘:‘3‘:}

T, 1
: +6) o

(ﬁ+%@)(;ﬁ hpL

L 6
(o tot) (A 2m0y) |2 "
L 6 L 6 T, 1
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2 A\, 1
(Hh;;cij (—1+’;’;;) | hpT, I’
_wri, (17)

2 2
oL L, oL 2kA
6kA %A ) | T, 1

Al sUandl) all e msailly

hpL  5x2zx1x5"  5x27x5’ _25
kA 70x rx1? 707

hpT, I’ 5x27x1x40x25 _ 500
2kA 2x70x 7 x1? 7

1+§ —1+§ g :
21 42 _500

—1+§ l+§ 7
42 21 T, 1

T = 140°C & W

46 17 ['140] | 500

21 42 _| 7
_17 46 500
2 21 %1 |7
465 140- g, 2300 (1)
21 42 7
17 404 26, 2300 (2)
42 217 7
(1) abaall 0
T, =(46X140_@jx£=581.2°c (rejected) dcasd
21 7 )17
500 17 21 -
T, =| ==+ -—=x140 |x = =58.5°C 4
: (7 2 jx46 - (A5e)

¢Cppaiall Lcally (17) Aaladdl (30
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2 2 |
hpL 1 hpL 0 0
3kA 6kA
s 2
I R 0 ’
6kA 3kA
) 2
0 0 e e
3kA 6kA
5 2
) . LI R )
6kA 3kA
2 ? ]
JhpL /4, hpL/4 0
3kA 6kA
2 h 2
k1= LA oy Bl T4 P
6kA 3kA 6kA
) 2
0 |, e 14 hpL. 14
_ oA 3kA
a a, 0
k1=|a; 24, a
0 a q
(Cus
N 2
a, = 2hpl » a4y =—l+ L
24kA 24kA
cCpppaind sl ¢(17) Askaal) o L
hpT,L* /4 0
2kA
. hpTwL2/4 hpTwL2/4
L Y 2kA
. hpT.L* 14
2kA
hpT, L’
8kA
.| 2hpT L
P gk
hpT, L
8kA
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S

p=|2b
b
:g'ms@mm (17) dabaalt .
a a, 0T, b
a, 2a, a,|T,|=1{2b (18)
0 a a/|T, b
17, =140"¢ 7 5
4 @ @
s L/2 L/2
= i >
A K, L, p, h o e pase
2x25. 109
a, =1+ =—
24%x7 84
1x25 143
a, =-1+—"" =2
t 24x7 168
b_hpTsz_@
8kA 28
(18) Wslaall b (age
109 143 500
84 168 140 28
143109 143|] | }1000 (19)
168 42 168 ° 28
143109 (LT ] | 500
168 84 28
Ty = 140°C e daledl da
@x140—£7’2=@ (1)
84 168 28
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109 500)168 . o
T, =| —x140-=——|—2=192.45°C rejected) 4
? [84X 28)143 E— ( J ) e

192.45 >140 i L

143,140,109, 143,500
168 42 168 ° 28

109, 143, 1000 143 4 (2)

4277 168 ° 28 168

143 109 500
-—T1+—T,=— (3)
168 84 28

2.6T, —0.8517, =154.9 (2)

—0.851T, +2.6T, =17.86 (3)

—0.287, +0.8517, =5.85 4)
(2.6-0.28), +0=154.9+5.85

2.32T, =160.75

1607

- T
232

:&OC
c(2) Aaledl) gs Tr daid (e U

2.6x69.3-0.851T, =154.9

~2.6x69.3-154.9

T, =297°C
0.851 -
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bl Q)
cliglaal) Jalas
(Analysis of Trusses)

(Space Truss Element) :0slaall £)4l) puaial) 4.1

2olial (4.1) JS&) 3 mlagall Ljlavall dliagll yaie e

%,
) \‘@cm

(4.1) J<a
Q. Qy, -Aashaiall dunimgall Lyl & dosiall Bpal) cilays Jisiug
Aashaiall 456l Ay Jia Q,
cle
u, =L,0, +m,0,, +n,0,

u, =L,0, + mleyz +n,0,,
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L, =cosb,
m, =cos@,

n, =coso,

uj* =[clio}

[C]: L, m, n, 0 0 0
0 o 0 L, m, n,

-(transformation matrix) J:saill 4dsean GM_, P

dju‘ ‘L= \/ _xl YI) (2_Z1)2

10e 4o Jpand) (Ko Jaall 4aia

ri=[cT{p}

(R 2'3)1)55\ I\AM

106 4.2
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J<al) 8 mlagal) (sleall b Lax S Aalall clalgally dusgall sl 2agl
silas . 1000Kg Wlaie 4 52iall vie Jaud ) daad) 898 3adas i Lavie oL

a1 elyadll el adaiall dalinas 2x10%kg/em?® Jabay 3 yall (35

:@!15
Al A2 A3 A4
2cm? 2cm? lem? 1cm?
RS
loc

50 @

50 | %0 e

( o cljmensfomﬂ.)

em ol o bl S
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R loo
5o 9
,\?‘é >
I 50 50 too -
em s s 3 (e sleidt
Ay | Allad) Anl sl | X1 YL X2 Y2 | ekl | oLl Cage
o sl ] L
&l Bakal) Babal) Liz | mp2
Laasall | dpaasall
1 2
1 1 3 0 0 |5 50 5042 5| 5
2 3 2 50 50100 O 5042 + -+
3 3 4 50 50 /200 100 SV10 | 75 | 75
4 2 4 100 0 |200 100 vz | 5 | &
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L d,.u\ 4(1) 5‘3) ).aalud\

2

L:\/(Xz—x])2+(y2—y,)2+(12—Zl)

L=+/50" +50> + 0% =+/5000 = /2500x 2 = 5052

(2) ) el
L=\50° +(-50°) =502
(3) ) oial
L=150° +50> = 25000 =~/2500x 10 = 50v2
(4) B ainl

L=+100> +100> =/20,000 = /10.000x 2 = 1002

(Direction cosines) :olai¥) alai cigss

c(l) 55) )m.'\:d\
Ll_xz_xl S50 1
UL 502 2
m _Y2Th i_i
L 5002 V2
‘(2) ?BJ ‘)..4.'\:1\
L0 _ 1
25042 2
__5%0 1
o502 V2
c(3) (’3) J»m.'ud\
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S
O O = =

L 150
27 50410
50
2 50010
100
L.,=
10072
100
2 10072

«(4) B yeaial

rdag ) jualiall 55l A8 ghuna apaas

(1) ) yeaial

[] =[] [k][c]

111
[C]_ﬁ{o 0
10
1o
[C]—Ol
01
L1
k] =
[«] 5
0
02x10°x2] 1
1| 50/2 |-1
1
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1 -1
1 -1
=22 x10* L [

-1 1

00

1 - 1
=242x10" 1 { kg/cm

-1 1

54

k=B 1T _2x10x2
5072

[C]:%{l -1 0 OJ

1

1

-1

b
|

J2l0 0 1 -
10
. 1 |-1 0
cl=—
[c] | 001
0 -1
10
T R e S I
B V210 1] sov2 |-1 142
0 -1
1 -1
-1 11 =10 0
=22 x10*
-1 10 0 1 -1
1 -1
1 -1 -1 1
L S T
=22x10 | 1kg/cm
1 -1 -1 1

1100}

1

-1

0 0
1 -1



&“»—
(=]
S O = W
w
9]

—1] ox10°x1[ 1 -1] 2410
= =———x10
50010 |-1 1 5

|
ﬁ‘H
o
——
S W
(=
w O
—_ O
[
—_
|
ﬁ‘H
o
oS O = W
— W o O

3 -3
1 =113 1 0 0
=410 x10?
-3 310 0 3.1
-1 1
9 3 =9 -3
3 1 -3 -1
=44/10x 10> kg /cm
-9--3 9 3
-3 -1 3 1

-1 1 -1 1

K] _LA{ 1 —1} 2><10(‘><1|: 1 —1}

100V2

=ﬁx104[11 ‘ll}

- - O O
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-1
1 1

012410 J1 =113 100
———x10 —
-1 1|410/0 0 3 1



TR R et I s L T R U
..[k]—T \510[_1 1} [ }

210 1 210 0 1 1
0 1
I 1 -1 -1
0 1 1 =1 —1
.'.[k]4:4\/§><10‘ Lo 1 kg /cm (4)

-1 -1 1 1
5y glaiall yualind) (s alawiSl

(For compatibility between adjacent elements)

uf =[clio}

w'x, ] T1.0 000 0 000
W'y, | 10100000 0
wx,| 10000 100 0oy
w'y,| 000001 00
wx | 100 090 1 0 0 0]lox,
Wy, | [0 00001 00
Wx,| (0050 1 0 0 0 0 0]y,
Wy,| 100010000
wx, [ 00001 0 0 0forx
Wy, (00000100
Wx,| 1000000 1 0f0y,
Wy, o0 000001
wix | 1000001 00 0o,
wy,| 000000100
wx,| 1000000 1 0foy,
W'y, 10000000 1
1 YIS laglac] (Say SN 8151 ddghina

BREIE
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0
0
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0
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9
10V5
3
1075
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000 000 00

3
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1

1045

9

1045

3

1045

3
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B
1045
0
0
0
0

)
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3
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00 0 000 0O
00 0 0O0O0 020
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(=]

0 0 0000 0 0
00000 0O0 O

—l= —l=

—] < —| =

—= —|=

(=)

(=

—l= =]

—l= == T

00 000 O0O0 O

—l=

—|=r
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0

00 000 00 O

c o c o o o o —
o o o o o —~ o
o o c o o —~ o o
c oo o — o o o
cC oo o o o o —
oo o o o —~ o
o o c o o —~ o o
c oo o — o o o
cC oo - o o o o
c o - o o o o o
oo o o —~ o o
o o c o — o o o
c oo o o - o o
c oo o — o o o
o~ o o o o o o
— o o o o o o —
I
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gl
ERERER
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=l —|=
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O O O O 0.0
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1

1
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1
o0 O O O

1
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1

o

O O O O O

1

(6]
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1
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o

1
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o
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7.5V5+3
1075

22.54/5+1
105

20/5+9

105
7.545+3
1045

-2

5451
1045

5-3
105

-2.5

-1

-1

-1

5-9

-2.5

0
2.5V5+1
10V5

0
-25V5+3

5-3 —2.5V5-1

1045

-2.5

1045 105
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(For equilibrium) : )54

[icJu} = {P}

1 1 0 O -1 -1 0 0 u, Px,
1 1 0 0 -1 -1 0 0 I Py,
0o 0 1 -1 -1 0 0 0 I Px,

0 0 -1 1 1 0 0 0 u P
Vs

242 x10* 942045 347545 e
- 1 - 1 - 1 1 W W 0 0 l/l3 PX3
1 -1 1 =1 56 12055 3255 1255

mﬁf 1045 1045 1045 || Ua Py,
0O 0 0 0 ’91702\‘% > 0 0 0 u, Px,
0 0 0 0 3-25V5  -1-25V5  3425V5 14255 u, Py4

105 1045 1045 10V5
(Boundary conditions) :4zagaal) Jag il

u, =0, u,=0
Py, =1000kg, Px, =0
272 510 (uy —uy —u, )= Px,

- Px, =232 10, (1)
22 x10* (uy —uy —u, )= Py,

Py, =-242x10", (2)
2J2%10*(~u, +u,)= Px,

. Px, =0 3)
22 x10*(—uy +u, )= Py,

Py, =0 (4)
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" 9+2o£u 3+7.5ﬁu P
2ﬁx10[ u, 3+[ o5 ]3+[ ~G ]J’H (5)

N2 x 104[— Uy + Uy + [3 * 7'5\/5}43 +[1 * 22'5\6}4 + [_1_ 2‘5\/5}44] = Py, (6)

1045 105 105
zﬁx104[_91:"/§5\6]u3 = Px, (7)
J[-3-255 14255 14255
2\/§><10[ 05 ju3+{ 105 ]uﬂ-[ 1045 Ju4—Py4 (8)

2\5“04{_31_0%\6}3 =100

1000 10J5
T2 2x10t T —3=25V5

=-0.09203cm
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el gl
Badaal) yualial) ddijh aladinly ciliajlal) Cilad)

(Deflection of Beams Using Finite Element Method)
(Introduction) : deiis 5.1
(e ot iy JCAN 5as G clalad) GilyadY draigl) dlall Uik
118 5 el Caaiia Lad aie 353l v(x) (deflection curve) <alyadY)
e o (grint puaiall Badaag aall Lolal o cilialad) calyas) Al Gla
N
A haidlls ade (v"(x) o (ggint Jed) dila G dsall 1Kol e Capes

v(x)=a, +ax+a,x +ax’ = f(x)a} (1)

Ao cla da)l iy o Cany il (i 13
o LS cdgane LSS Gldlally dnstell lalY) e Luld galad) 8 LS

Lol (51) J<al

3 A L
=




Agsial) Ay (] :{v,(‘”(x))l vz("v(x))z} 2)

dx dx

‘(1) MJM\&X:L)X:OM&:

v(x)=[f(x)la} (1)
12 I 0 0 0 |fa
6| |01 0 0 |aq
v |1 L 2 L la (3)
0, |0 1 2L 30||a,
[u =[Al{a} (4)
laj=[A]"

t Y (1) Aaledd) LS Bole] (e

[NGl=[r ()]AT”

=[1 x X X3IA]_I

1 0
A=01
1 L I
0 1

L adjA C"

A A
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1 0 O

ror
A=1x|L ' I +0=1>{2L 3L2}=3L4—2L4:L4
1 2L 30

«C iyl Jalgal) dsiian

1 0 0
A,=+HL [* L|=L
1 2L 3I?
0 0 0
A,=-1 L' ['|=0
0 2L 3I°
01 0
1 L
A,=Hl L I|=1x =30
0o 1 3 3L
01 0
o o
A,=-1 L LZ_—O . 2L
0 1 2L
0 0 0
Ay=—L [’ L['|=0
1 2L 37
1 0 0 .
> L
A,=+H1 [ T :+2L 3L2:3L“—2L“:L4
0 2L 3I°
1 0 0 ,
3 L L 3 3 3 3
A,=-1 L L —1] 3L2:3L —-I'=20)=-2L
0 1 3
1 0 0 R
2 L L 2 2 2
Ay, =Hl L L +1 2L:2L —-’=L
0 1 2L
0 0 0
Ay=+Hl 0 0=
1 2L 3I°




1 0 0
A,=+0 0 0|=+1
1 >

=0

ror

1 0 O
Ay=-0 1 0}=-1
1 L O

C=
0 0 3* 2L
0o 0o -’ I’
L 0 0
0 r 0
adjA=C" =
J -3 -20) 3

2L I’ 2L
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1 0 0 0
0 1 0 0
,_adjA | 32 3 1
A | rLr L
2 1 21
r T ¢
[N(o)l=[r ()LA]"
1 0 0 0
0 1 0 0
:[1 x x> X *i 2 i i
I’ L I L
2 1 2 1

V"(X) alagy 7l Lils AL Bl glad]

()= o (7)

VIS Jaxd CalaidU Jleiy) 28l

:%IE[(V"(X))de (8)

U =jM2dx/2E1

M = Eld—z‘;
dx
EI = [D] gass
v = 1) fln ol 9)

(for a uniform bar) :J<al alaiie Cuadl
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12 6L -12 6L

] = EI| 6L 41> —6L 217
L’|-12 —-6L 12 -6L (10)

6L 2I) —6L 4I°

(8] [T}

: YIS adle (10) Aslaal) o Jpanl) 2y

sdj}!\ﬂ.'uﬂ
3xt 2x°
(15 43
, 6x 6
N(x)zO—L—);—i- ;

R b
N'(x)= 5+ =

L6 12xY
K} =& (+j dx
v(')‘ LZ L3

36 144x 144x*
IJ( G de

2 3L
_ EIF@C 144x>  144x }
0

R + [
L 2r 3°

L 2 37°

2 3
:EI[%L 1441 144L J
B EI(

R 36—72+48)=%(12)
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(10) Dsbad) e Jgemall (Sar pualial) dus dalia

)il JlaadU aa gl Al

a3 b el s 2]

pj=pmpm, e
do=kfp) -l i) (12)
(For compatibility) falawdld
V=V,
911 =0,
1
v, =¥,
‘9; =0,

iy =[Cluj

:(1) Jie 5.2
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klll
ks
ks,
ki,

ki,
ka,
ks
ki
0
0

kll3
ks

(k! +k2) (K, +&2)
(kb +k2) (kL +k2)

2
ks,

2
ki,

[k]=[cT[eJe]

k 1I4
K3

2
k32

2
k42
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0
0
Ky
ks
k3
ki

0

0
kp,
ks,

2
k34

2
ki, |

I RN

w

M
7
g %
7
/]
/
/] A
| L L
= =1 -
A9 2 A
=)
L=} 2 1-& Y
& &
0] ) &)
(For compatibility) faladU
vi] [1 0 0 0 0 0w
'l 1010 00 0
vl loo 1.0 0 off
6 |0 020 1 0 0
= 1%
vl {001 000 02
@ [0 00100
v 100 0 0 1 0fy,
6] 10 0 0 0 0 1]g,
(carrying out the assembly process) :aseaill Ldee chials



(B. Conditions) :dgasll dag il
v,=60,=v,=0

v =0, =v, =0 J 5hkal saecYly Castual) Cadal

(k313 + klzl ) (k,%l4 + k122) k124 v, -P
(kzlu + k121 ) (kzlu + kzzz) k224 = ‘92 =< M
kjl kfz kZA ‘93 0
(e Juanin Tyl
24 0 6L (v, -P
E—f 0 8L 2L’ [0, =M
I3

6L 2L° 4L’ ||0,) 0

717 3L -12L
[k]'=| 3015 -12
=12L -12 48

(2) JUa 5.3

P SV el il it Gl yeaial 850 A gan daad

12 6L -12 6L
_EI| 6L 4L —6L 20U

k] =—=

}’|-12 —-6L 12 -6L
6L 217 —-6L 4L

JAall ‘_5_]153\ ?B‘J\ =1
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«yainll Jobh = L
rie W S0 San Jand Ut Talin 5aicse & el (ol dal3y) aansl
Al sl Jall elils) )8 L lglgha oIS 1) Lgduaine

W

'TM

. L./l e L/‘g_ "
n"r* A"rz A JS
| LT @ £ 4T
8 5 o
® ) @

(For compatibility) :alawidd

vi] [t 0 0 0 0 0]
' |0 1. 0000
vl loo1 00 ol
g1 |00 0100
= \%
vaOlOOOé
62l |10 00 1 00
v {00 0 0 1 Offy,
6;] [0 0 000 1],
K]=[cT[e]el
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ks,
ki
0
0

ki,
ks,
ks,
kis
0
0

El

k1]2 k113 k114 0 O
ko ko ke ky 00
k;l k:':Z (k;S + k121 ) (k3}4 + k122 ) k123 k124
0 0 Kk ky o ks ks
L0 0 K ki ki ki
¢ oY) Aalea
[k]={uj=1{P}
kllz k1]4 0 0] vy I
ks, ks, 0 016 |M,
(k;S + k121 ) (k;4 + k122 ) k123 k124 V2 — P2
(e k3) (k) k3 klo.| M,
k3 k3, k3, e [ vs Py
ki, ki ki ko0 (M,
(Boundary conditions) :dsgaall dagall
v, =v,=6,=0
L
2 o2
M, =0,M,=M,M, =0
canlle doaganll dag yall 5ylalial) Cagially saacty) Cadal
_k;Z k;iﬁ 0 91 ] %
Ky k) kG v |=| M
L 0 kfl kf4 0, J - %
far> —6L 0 [0, 12
-6L 24 OL |v,|=| M
0 6L 4L’|6,| |-%
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EI W
F[4L201 _6LV2]=E (1)
% —6L6, +24v, +6LO,]= M (2)
EI w
F[6Lv2 14120, )= - (3)
¢(1) E\JJL«.‘J\ OA
wr’ 1
0, :{ZEI +6Lv2}<4L2 (4)
¢(3) MJL'.AD OA
_|_wr —6Lv? |x—
} 2El 41° (%)
c(5)} (4) 4_'):\:\331.«.&]\ (e
0,=-0,=0

%[— 6120, +24v, +6L0,|= M

E—{[zem—lZLHz +24v,|=M = WL
L ’ 2

EI WL wL!
v, —=—, v, =
r 2 48EI

(ohlal) Jally
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=,

wl=
b3

fo
A L
-'.
—M:Kx
2
2
M=—gr2 Z:lw)c
dx
cJalsall,
o Ly g Lye g (i)
dx 2 2 4

X :%L Lodie diaylall Couatia Jag pladinly Jualsal)l i dad alag) o<
. dy .
e Gyl di At

X

o=—tw(lz)] +a
42

A
16
(AT By JalSy (i) dolaall 3 A dad e age

ﬂ = 71Wx2 + WE
dx 4 16

El

W . WL x

Ely=—
T2 s

+B
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(x =0 2ie) Jea¥) die jom Gl y Gl & L B =0

(X:%L) Lialal) Chealiia die Gy (alY) Cilaty)

(o) )] we
12 16 | 48EI
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O 2l 8 Gyl L8 L2017 sladl o ol (53l dasls (e ohsSa
Loyl 2L LS )l (e Yl 8laaYl ¢ lagad) Jals claslall
S 9 (B By e Ao A8y ALl ALaY L Aulady) AL LIS oy el
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